6.2.1. Steady-state errors of control systems.
Let’s consider some control system.

E(s) = R(s) – Y(s); (6.2.1.1)
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  (6.2.1.2)

At H(s)= -1 we have:


[image: image2.wmf]);

(

)

(

1

1

)

(

s

R

s

G

s

E

+

=

(6.2.1.3)
It is convenient to represent G(s) transfer function in the following form:
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where

N – the number of integrators;

polynomials 
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The N number defines the type of control system.
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Fig.9. Closed-loop control system.

Steady-state error is defined according to the following expression using Final value theorem of Laplace transform:
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 (6.2.1.4)

It’s useful to define the control system steady-state error for 3 types of testing input signals.

A) Step input signal.
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 (6.2.1.5)

where: A – the amplitude of the input signal.

We may write the open loop transfer function of the control system in the following form:


[image: image9.wmf]1

1

()

();

()

M

i

i

Q

N

k

k

Ksz

Gs

ssp

=

=

+

=

+

Õ

Õ

 (6.2.1.6)

where: 
N – the number of integrators;

zi – zero; pk – pole.

If N>0, then G(0)=∞ and the control system steady-state error =0.

If N=0 (zero-type system):
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(6.2.1.7)

The constant G(0) is indicated as Kp and is called the position error coefficient and is defined in the following way:
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Thus, the system steady-state position error at the step input signal and A amplitude is defined in the following way:
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If there are several integrators, i.e. N≥1, then at the unit step input signal the control system steady-state position error is equal to 0, since:
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 (6.2.1.10)

B) Linear increasing input signal.

At the linear increasing input signal the steady-state error may be defined in the following way:
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 (6.2.1.11)
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where: Kv - velocity error (speed error) coefficient.
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  (6.2.1.14)

Thus, we may come to the following conclusion

· Type 2 and higher control systems have steady-state error due to the linear increasing input signal 
[image: image17.wmf]0

SS

e

=

 since 
[image: image18.wmf]V

K

®¥

;

· Type 1 control systems have a limited steady-state error as per Eq.( 6.2.1.13);

· Type 0 control systems have
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C) Quadratic input signal 
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In this case the steady-state error is equal to:
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  (6.2.1.14)
where
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  (6.2.1.15)
Thus, we may come to the following conclusion

· Type 3 and higher control systems have steady-state error due to the quadratic input signal 
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· Type 1 or Type 0 control systems have 
[image: image26.wmf]SS

e

®¥

;

· Type 0 control systems have
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where: Ka - acceleration error coefficient, which is defined according to the following expression:

Table 1. Steady-state errors of various control systems.

	Number of integrators
	Input signal

	
	Step

R(t)=A;

R(S)=A/s;
	Linear (Ramp)
R(t)=At;

R(s)=A/s2;
	Quadratic

R(t)=At2/2;

R(s)=A/s3;
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As you may see, the higher type of control system the more accuracy it has in the steady-state regime. This fact may be explained using an input signal in the general form which is expanded into Taylor series:


[image: image32.wmf]2

2

2

00

1

()(0)...

2!

tt

drdr

rtrtt

dtdt

==

=+++

  (6.2.1.16)
Thus, we obtained the input signal as the sum of step, ramp etc. input signals.

So, the higher type has a control system, then the more components of Eq.(6.1.7.16) will give 0 contribution to the equivalent steady-state error of this control system.

But it’s difficult to create stable Type 2 and higher control systems. In addition, transient characteristics of such control systems are rather bad.  

You may also see from this Table that the increase in system amplification coefficient results in diminishing this system steady-state error (but you have to remember that the increase in system amplification coefficient may result in reducing this system stability indicators.
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Fig.10. The reaction of 0-type control system to ramp input signal.
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Fig.11. The reaction of Type 1 control system to ramp input signal.
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Fig.12. The reaction of Type 2 control system to ramp input signal.

Example 2. 

Let’s consider the following control system.
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Fig.13. Block diagram of the control system.

We may calculate steady-state errors of this control system
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This is Type 1 control system.

In all previous cases we considered H(s)= -1. 

But in the general case we have to take into account 
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In this case steady-state error coefficients must be calculated taking into account system open-loop transfer function
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Fig.14. Block diagram of a control system.

Example 3.

You may consider the following control system
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and observe system steady-state error after the termination of transient process.
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Fig.15. Block diagram of a control system in question.

Example 4. 

Let’s consider the control system shown in Fig.14.
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Using Eq.(6.1.7.14) and taking into account K1= K2 =2 we obtain:
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 - it’s 5.9% of step input signal amplitude.
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Example 5.

Let’s consider a control system with feedback control loop (Fig.14).
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E(s)=[1-W(s)]R(s);

Let’s define K meaning at which the steady-state error at step input signal will be min.
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where:
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And the steady-state error will be as follows:

ess =1 – W(0).

Thus, to have ess =0.
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So, at K=4 we obtain ess =0.  
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